By using an approach to the theory of Frobenius extensions that emphasizes notions related to associative forms, we obtain results concerning the trace and corestriction mappings and transitivity. These are employed to show that the extension of enveloping algebras determined by a subalgebra of a Lie superalgebra is a Frobenius extension, and to study certain questions in representation theory.
Introduction
The theory of Frobenius extensions, initiated independently by Kasch [10] and Nakayama-Tsuzuku [13] , has, aside from its intrinsic value, proven to be a useful tool in the study of groups and modular Lie algebras. The twofold purpose of this note is to extend the abstract theory as well as to point out another application concerning the theory of Lie superalgebras.
In § 1 we reformulate some of the basic features of the theory of Frobenius extensions and generalize various results of [2, 15] , including results on transitivity of Frobenius extensions. Our approach, which emphasizes associative forms, is particularly useful for the study of the trace and corestriction mappings. The second section is devoted to the investigation of extensions defined by the universal enveloping algebras of a Lie superalgebra L and a subalgebra K containing the space Lo of even elements. Our main result, namely that their respective enveloping algebras define a Frobenius extension, strikingly parallels recent work on restricted Lie algebras (cf. [3] ).
The irreducible modules of the so-called basic classical Lie superalgebras are obtained, according to [8] , by inducing from representations of certain subalgebras. By showing that some of the essential features of this theory can be derived from the general principles of the theory of Frobenius extensions, we provide a new conceptual approach to various well-known results.
Frobenius extensions can in particular be used to investigate the cohomology theory of the defining rings. It is, for instance, possible to introduce a complete relative cohomology theory that generalizes well-known principles from the theory of groups (cf. [4, 11] ). We shall not dwell on these aspects here, but rather briefly illustrate in §3 some applications related to more recent developments of the theory.
Basic results concerning Frobenius extensions
Throughout this paper all rings are assumed to have an identity that operates via the identity transformation on all modules under consideration. Modules are left modules, unless otherwise stated. Let 5 be a subring of 7?, and suppose that a is an automorphism of 5. If M is an 5-module, we let aM denote the 5-module with a new action defined by s * m = a(s)m . Thus, for example, Homs(7?, aS) denotes the set of additive maps f:R->S such that f(sr) = a(s)f(r) for all s e S, r e R. This is an (R, 5)-bimodule via the action (r • f • s)(x) = f(xr)s. We say 7? is an a-Frobenius extension of 5 if (i) 7? is a finitely generated projective 5-module, and (ii) there exists an isomorphism q>: 7?-»Horns (7?, a5) of (7?, 5)-bimodules.
Such an extension is referred to as free if 7? is a free 5-module. In the literature, Frobenius extensions are frequently defined using right modules. Both notions are equivalent in the sense that every left a-Frobenius extension is a right a-'-Frobenius extension (cf. the remarks after (1.2)).
Given an endomorphism ß of 5, a ß-associative form from R to S is a biadditive map ( , ) : 7? x 7? -» 5 such that (a) (sx, y) =s(x, y), (b) (x, ys) = (x, y)ß(s), (c) (xr, y) = (x, ry) for all 5 e 5, r, x, y e R. We say that ( , ) is nondegenerate if its left and right radicals are trivial. A ^-associative form determines an additive map n: R -* S ; n(r) := (r, 1) = (1, r) that satisfies n(sr) = sn(r) and n(rs) = n(r)ß(s) for all r e R and s e S. Conversely, given any additive map n: R -► S with these properties, we can define a ^-associative form from 7? to 5 by means of (x,y) :=n(xy).
In this section we shall provide conditions pertaining to a-1-associative forms that are tantamount to an extension of rings being an a-Frobenius extension. This approach, which amounts to a refinement of the methods introduced in [15] , will be employed later to show that enveloping algebras of Lie superalgebras give rise to Frobenius extensions.
Definition. Let ( , ): 7Î x 7? -> 5 be an a-'-associative form. We say that two finite subsets {xx, ... , xn} and {yx, ... ,y"} of R form a dual projective pair relative to ( , ) if n n r = Y^yM(Xi, r)) = ¿^(r, y,)x, for all r e R.
1=1 /=i
Note that the 5-linear mappings y}¡: R -> 5; y>¡(r) := (r, y¡) together with the set {xi,... ,xn} form a projective basis for 7? as an 5-module.
Let {xx, ... , xn} and {yi, ... , y"} be subsets of 7? with 7? = ¿2"=x Sx¡ = 2~2"=1 y;5. In the ring Mn(S) of (nx n) matrices with coefficients in 5, define A = [(xi, yj)h<i,j<n . If {xx, ... , xn} and {yx, ... , y"} form a dual projective pair relative to the a-'-associative form ( , ), then the i, j-entxy of A2 is ¿Z(*«' ' yk){Xk . yj) = ( 5^<*i, y*)**, y;-\ = (x¡, y}), k=\ \k=\ I proving that A is idempotent. In addition, if r e R and (r, R) = 0, then r = £í=i(r> y¡)x¡ = 0. Likewise (R,r) = 0 implies r = 0, so ( , ) is nondegenerate. Suppose conversely that A is idempotent and ( , ) is nondegenerate. The above calculation shows (x¡ -¿Z"k=x(xi, yk)xk, yj) -0 for all j . Since 7? = ¿2"=x yjS, the element x¡ -¿2k=x (x¡, yk)xk is contained in the left radical of ( , ). Consequently, x¡ = ¿2l=\(x> > yk)*k for all i, and since ¿Z"=x Sx¡ = R, this implies r = Y,k=i (r > yk)*k for any r e R. By the same token, we have r = ELi yk<*((Xk ,r)),so {xx, ... , xn} and {yx, ... , y"} form a dual projective pair. Theorem 1.1. Let S be a subring of R and suppose that a is an automorphism of 5. Then the following statements are equivalent.
(a) R is an a-Frobenius extension of S. (b) There is an a~x-associative form ( , ) from R to S relative to which a dual projective pair {xx, ... , xn}, {yx, ... , yn} exists.
(c) There exist a nondegenerate a~x-associative form { , ) from R to 5 and two subsets {xx, ... , xn} and {yx, ... ,yn} of R with R = ¿2"=x Sx¡ = zZl=i y¡S such that the matrix A = [{x¡, yj)]¡j is equivalent to an idempotent matrix in the sense that there is a left invertible P e M" (S) and a right invertible Q e M"(S) with PAQ idempotent.
Proof, (a) => (b) Let y>: R -> Homs(7?, aS) be the defining isomorphism of (R, 5)-bimodules. We define a bilinear form ( , ) : 7? x 7? -> S by means of (x, y) := a~x (q>(y)(x)). Using the definition of the bimodule actions, one readily verifies that ( , ) is an a-'-associative form.
Let xx, ... , xn e R and <px, ... , y>" e Hom,s(7x, 5) form a projective basis for the 5-module R. Since a o y>¡; e Homs(7?, aS), there exist elements y, of 7? for I < i < n such that q>(yi) -a o y>¡■. Now n n n r = ^2<Pi(r)Xi = Y^ot-x((p(yi)(r))Xi = J](r, y,-)jc,-¡=i i=i i=i for any r e R . Applying / e Homs(7?, aS) to this last equation shows that Note that {xx, ... , xn} and {yx, ... ,yn} are bases for 7? as a left and right 5-module, respectively. A direct computation shows that {xx, ... , x"} and {y x, ... , y"} form a dual free pair if and only if they form a dual projective pair and they are bases for R as a left and right 5-module, respectively.
The analogue of ( 1.1 ) for free Frobenius extensions is the following. Corollary 1.2. Let S be a subring of R and let a be an automorphism of S. Then the following statements are equivalent.
(a) 7? is a free a-Frobenius extension of S. (b) There is an a~x-associative form ( , ) from R to S relative to which a dual free pair {xx, ... , xn}, {yx, ... , y"} exists.
(c) There exist an a~x-associative form ( , ) from R to S and elements xx, ... , xn,yx, ... , yn e R such that R -¿"=, 5x, = £"=i yfi and the n x n matrix [(x,, yf)]i,j has a two-sided inverse in the ring Mn(S).
Proof, (a) => (b) Define an a-'-associative bilinear form ( , ): 7? x R -<■ S as in the proof of (1.1). Let {xi,..., x"} be a basis of the left 5-module R.
Since <p is surjective there exist yx, ... , yn in 7? such that a~x o q>(yj) is the jxh projection from 7? onto 5 relative to this basis. Clearly (x, ,yf) -8¿j for 1 < /', j < n. Since {yx , ... , y"} generates the right 5-module 7? as in the proof of (1.1), we obtain (b) . (B) It is well known that if G is a group and 77 is a subgroup of finite index, the group ring K[G] is a free Frobenius extension of 7<" [77] . This result can be generalized to the case of any strongly G-graded ring (for example a crossed product) in place of K [G] . Recall that a ring R is graded by G if R -0 €G7îg , where each 7?^ is an Abelian subgroup of 7? and RgRn Ç Rgn for all g, h e G. We say R is strongly graded by G if equality always holds. This condition is easily seen to be equivalent to the existence of xXtg, ... , xm(i) > g e Rg, yXjg, ... ,ym(g),g £Rg-> with T^fyi.gXi.g = J fox each g e G. If R is strongly graded by G and 5 = 0?e// 7?^ , then 7? : 5 is an id^-Frobenius extension.
To see this, we define the Frobenius homomorphism by n(Y,geGrg) := Y,g€Hrg. If we let {Hg: g e C} be a complete set of right cosets for 77 in G, then it is clear that {x¡jg: g e C, 1 < i < m(g)} and {y¡,g: g e C, 1 < i < m(g)} form a dual projective pair.
(C) We give an example which employs a method very much like our proof in §2 that enveloping algebras of Lie superalgebras give rise to Frobenius extensions. Let 5 be a subring of R and suppose that there exist an x e R, a positive integer m , and an automorphism a of 5 such that (i) I, x, ... , xm is a basis for 7? as a left 5-module, and (ii) sx -xa(s) e S for all s e S. Then 7? : 5 is a free am-Frobenius extension.
To see this, first note that we can use (ii) and induction to prove that for any positive integer k, (*) sxk-xkak(s)eS+xS+---+xk-xS = S+Sx + ---+Sxk~x for all s e S.
Thus I, x, ... , xm is also a basis for R as a right 5-module. Now define indeterminate, so the global dimension gl.dim5 is infinite, while gl.dimT? = gl.dim K. Since R : S is a Frobenius extension, the relative global dimension of R : S is 0 or oo. Consequently, this example shows no simple relation need hold between the actual global dimensions of 7? and 5. In addition, if we take K of finite global dimension, we obtain an example of a finite free ring extension where the extension ring has smaller global dimension than the base ring. This is a simpler example than those usually cited in the literature, as well as being valid in any characteristic (cf. [12, 7.2.7] ).
(E) If we let K be a field and V a vector space of dimension zz, then one can easily iterate example (C) and show that the Grassmann algebra A(V) is a Frobenius algebra over K, with the Frobenius homomorphism n : R -► K determined by the projection onto A"(V).
Remarks. ( 1 ) If 7? : 5 is an a-Frobenius extension with form ( , ), then one readily sees from (1.1) that the extension defined by their opposite rings is an a~'-Frobenius extension with defining form (x, y) := a((y, x)). This in particular implies the well-known fact that Frobenius extensions can be equally well defined in terms of right modules.
(2) Suppose 7?, is an a,-Frobenius extension of 5, for I < i < n , and each 5, and each 7?, is an algebra over the commutative ring K, and every a, is Klinear. Then the tensor product over K of the 7?, is an a-Frobenius extension of the tensor product over K of the 5,, where a is the tensor product of the a,. This is easy to see using (1.1): a dual projective pair for R: S is obtained by tensoring together the elements of the dual projective pairs for the extensions Ri : Si. ¡J Similarly, r = £,-;(r, y,a(7;;))zzyx,. This shows that {zz;x,: 1 < z < n, 1 < 7 < zrz} and {y¡a(Vj): 1 < i < n, 1 < j < m} form a dual projective pair relative to ( , ). According to (1. The following result provides a partial converse to (1.3). (2) Define cp: R -> Homs(7?, a5) by <p(r) = r • (a o n), i.e., <p(r)(r') = a(n(r'r)).
Our assumption concerning n ensures that y> is a well-defined (R, 5)-bimodule map.
Suppose r e Yjextp. Then for every r' e R, we have n(r'r) = 0, whence 0 = (p o n)(r'r) -a(r'r) for all r' e R . Since R : T is a Frobenius extension, it follows that r = 0 .
Suppose / e Homs(7?
We can cancel ß and conclude /)oa"' of = po(r-n). The automorphism a in part (2) of the preceding result is uniquely determined. Moreover, its existence is related to the behavior of the Nakayama automorphism of the extension R : T. To see this, we first observe that by definition of n , we have n(rt) = n(r)y(ß-x(t)) for any te T, r e R. Consequently, a(t) -(ß o y~x)(t). In particular, a(T) = T, and hence a(Cs(T)) = CS(T).
Associated to any Frobenius extension is the Nakayama automorphism, an automorphism of the centralizer of the subring in the extension ring (cf. [11] ). In the situation of (1. (i) p(Cs(T)) = Cs(T).
(ii) There exists an automorphism a of Cs(T) suchthat n(rs) = n(r)a x(s)
for all re R, s e CS(T).
To prove (i) implies (ii), suppose that p(Cs(T)) = C$(T). Then for any r e R, ce Cs(T), we have p o n(rc) = a(rc) = o(p~x(c)r) = p(p~x(c)n(r)) = p(n(r)(u o p~x)(c)).
Upon composing both sides with y and applying the operator Tr(s ; 7-], we obtain n(rc) = n(r)(v o p~x)(c). Consequently, a:=pov~x has the requisite property.
Conversely, assume (ii) holds. For ce CS(T) and r e R we obtain License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
Consequently, p~l(c) = (z^_'oa_1)(c). As a result we have p(Cs(T)) = C$(T). It follows from our above deliberations that condition (i) is necessary for the existence of a in (1.4) (2).
If T is contained in the center of 5, the above calculations show that n(rs) = n(r)(v o p~x(s)) for all r e R, s e S. Thus, in this case (1.4) can be restated as follows. Corollary 1.5 [15, Satz 7] . Let T c S c R be rings such that T c Z(S) and suppose that the following conditions hold.
(a) R : T is a ß-Frobenius extension with Nakayama automorphism p : .4) and (1.5) are satisfied in this setting except projectivity of 7? as an 5-module. Since 5 is a local ring, if 7? were projective, it would be free. This is impossible, however, since 7Î is 3-dimensional over K and 5 is 2-dimensional. (In fact, one can show in this example that Homs(7?, 5) = 7?, so 7? : 5 satisfies all the conditions for a Frobenius extension except projectivity.)
CR(T) -» CR(T) such that p(S) = S, (b) S : T is a Frobenius extension with
The following example illustrates that Frobenius extensions also arise if the technical assumptions of (1.4) and (1.5) do not hold.
(G) Let K be a field whose characteristic is not 2 and let R be the Grassmann algebra over K in the indeterminates x, y. By example (E), 7? is a Frobenius algebra over K with Frobenius homomorphism a: R -> K defined by a(a + bx + cy + dxy) = d for a, b, c, d e K . The Nakayama automorphism p of R is given by p(a + bx + cy + dxy) -a -bx -cy + dxy.
Set t := x + xy e R ; then t2 -0, whence 5 := K + Kt is a subalgebra of 7?. By example (C), 5 is also a Frobenius algebra over Tí with Frobenius homomorphism p : S -* K defined by p(a + bt) = b. It is easy to see that {1, y} is a basis for R as a right or left 5-module. If we define an automorphism a of 5 by a(t) = -t, then sy = ya(s) for s e S. It thus follows from example (C) that 7? : 5 is an a-Frobenius extension with Frobenius homomorphism n(a + bx + cy + dxy) = c + (d -b)t.
Since 5 is not invariant under the Nakayama automorphism p of R, the hypothesis p(S) = S in (1.5) is independent of the other hypotheses of (1.5), and so by the equivalence of (i) and (ii) in the remarks after ( 1.4), the hypothesis (2) of (1.4) is independent of the other hypotheses in (1.4) . Moreover, this example shows the hypotheses of (1.4) and (1.5) are not necessary for R : S to be a Frobenius extension.
Frobenius extensions of Lie superalgebras
Let F be a field whose characteristic is not 2 and suppose that L is a Lie superalgebra over F with even part Lo and odd part Lx . (See [8] for definitions and terminology.) We shall be concerned with subalgebras KKo © Kx of L for which Kq coincides with Lo . Note that these subalgebras correspond to the L0-submodules of Lx. Suppose that K is such a subalgebra with diirçr L/K -n . Let J2-= {0, 1}" be the set of all multi-indices of length n and put x = (I, I, ... , I). We say that two such multi-indices 7, J e J2-are disjoint if there is no component in which both are nonzero. The weight of I, which is defined to be the sum of the components, will be denoted by |7|. Let %(L) and %(K) be the universal enveloping algebras of L and K, respectively, and choose xx, ... , x" to be elements of Lx whose cosets form a basis for L/K. For 7 = (z(l), ... , i(n)) e ^ , we define x1 = x| (1) Proof. We will use the notation in the discussion preceding the theorem. We first consider the case K -Lq. Accordingly, let xx, ... , x" be a basis for Lx. We and r e %(L).
Next define any total order -c on S which has the property that 7 <s J implies |7| < |7|. Let V denote the complement x -I of 7, so |7'| -n-\I\. If |7| < \J\, then |7| + \J'\ < n , so x'xr eV(n-l).
If |7| = |7| and / # J, then |7| + |/'| = n , but 7 and J' axe not disjoint (i.e., x' and xJ' have some variables in common), so (2.1 )( 1) yields xV e V(n -2). This shows that if 7 < J and I ^ J, then (x1, xJ') = 0. Applying (2.1) again we see that (x> ,x>') = ±l. By definition we have a(a) = ß o y ~ ' (a) for a e %/(Lq) , so it is enough to show this equality for a e Kx .
Let a e Kx and let u e %(K). For 7 e S , we obtain as a consequence of (2.1) that zzx'zz = (-Xfuax1 (mod V(n -1)), so that n(uxla) = (-l)"ua8f^ -n(ux,)a~x(a).
It now follows that n(rb) = n(r)a~x ( In case V is irreducible and U ^ (0) is an L-submodule of 'V, we obtain from (2) that Uo(L~) coincides with Jfo) • Thus the submodule generated by A~'(t;o) is contained in U and hence is the unique irreducible submodule of T. D
We now specialize our considerations to basic classical Lie superalgebras over an algebraically closed field of characteristic 0. According to [9] such a Lie superalgebra is simple with a reductive Lie algebra as subalgebra of even elements. (cf. §3) it suffices to establish the assertion for the coinduced module. Since N0+ operates nilpotently on L, we have a(x) = x for every x e N0+ . Hence the highest weight vector Vx of the Lo-module V(X) is a highest weight vector of highest weight X -2px for the irreducible Lo-module nV(X). Since Lo is contained in ¿? and V(X) is finite dimensional, (2.3)(4) applies and the coinduced module Coind^(aF(A)) contains a unique irreducible submodule, which is generated by a highest weight vector of highest weight X -2px . D 
